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a b s t r a c t
We prove that the complement of the consistent closure of the complement of the
consistent closure is consistent, and thus, at most 10 binary relations can be generated
from a binary relation by taking complements and consistent closures.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The present paper is concerned with the well-known closure-complement problem. Kuratowski [16] is a pioneering
work on this subject. He showed that in a topological space at most 14 distinct sets can be generated from a set A by
taking complements and closures. Graham et al. [14] was the first work to establish a version of the closure-complement
theorem for operators on binary relations. They show that the complement of the transitive closure of the complement of
the transitive closure is transitive. Since complementation is involutive and the transitive closure is idempotent, a series
of binary relations is obtained by alternating applications of the two operators. Thus, at most 10 binary relations can be
generated from a binary relation R by taking complements and transitive closures. Fishburn [12,13] and Peleg [17] proved
related results for operations on binary relations.
In the present paper, we aim to extend the result of [14]. Instead of transitivity, we focus on another coherence property
of binary relations, consistency, which is a weakening of transitivity. Consistency was introduced by Suzumura [19], and it
requires that for all K ≥ 1, if
(xk−1, xk) ∈ R for all k ∈ {1, . . . , K},
then
(xK , x0) ∉ {(x, y) ∈ X × X : (x, y) ∈ R and (y, x) ∉ R},
where R is a binary relation. Recently, Bossert et al. [5] have introduced the concept of consistent closure: for every binary
relation, its consistent closure gives the smallest consistent binary relation containing it.1 We show that the complement
of the consistent closure of the complement of the consistent closure is consistent: thus, at most 10 binary relations can be
generated from R by taking complements and consistent closures because the consistent closure is idempotent. This result
is analogous to the result of [14] on transitive closures.
E-mail address: susumu.cato@gmail.com.
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We explain why consistency is an important property. The first reason is related to Szpilrajn’s extension theorem.
Szpilrajn [21] showed that every quasi-ordering (transitive and reflexive binary relation) has an ordering extension.2
Suzumura [19] showed that consistency is a necessary and sufficient condition for the existence of an ordering extension.3
The second reason is related to an interpretation of binary relations. In economic theory, each consumer is required to have
a binary relation R on the set of alternatives—a preference relation. We read (x, y) ∈ R as ‘‘x is at least as good as y’’ (thus
(x, y) ∈ {(x, y) ∈ X × X : (x, y) ∈ R and (y, x) ∉ R} means ‘‘x is preferred to y’’). The work by Bossert and Suzumura [6]
includes an application of consistency to consumer theory. A requirement of consistency is closely related to the problem
of a ‘‘money pump’’ [9], [18, p.78], [22]. Suppose that a consumer has the following preference relation:
(x, y) ∈ R & (y, z) ∈ R & (z, x) ∈ R & (x, z) ∉ R.
This preference violates consistency. Since z is strictly preferred to x, he/she is willing to pay some amount of money to
exchange x for z. Moreover, he/she voluntarily exchanges z for y and y for x. Then, the consumer ends up with the original
alternative but with less money. As such, a ‘‘money pump’’ occurs when consistency is violated. The third reason is related
to a numerical representation of a binary relation. As shown by Andrikopoulos [1], consistency is a necessary and sufficient
condition for the existence of a weak representation of a binary relation in a countable set. Thus, consistency is significant
for the existence of the consumer’s utility function.
2. Preliminaries
The set of alternatives is X with |X | ≥ 2. Let R ⊆ X × X be a binary relation on X . The symmetric and the asymmetric
part of R are denoted by I(R) and P(R), respectively. These are defined by I(R) = {(x, y) ∈ X × X : (x, y) ∈ R and (y, x) ∈ R}
and P(R) = {(x, y) ∈ X × X : (x, y) ∈ R and (y, x) ∉ R}. The diagonal relation on X is given by∆ = {(x, y) ∈ X × X : x = y}.
R is transitive if and only if, for all x, y, z ∈ X ,
[(x, y) ∈ R and (y, z) ∈ R] ⇒ (x, z) ∈ R,
and R is consistent if and only if, for all K ≥ 1 and all x0, . . . , xK ∈ X ,
[(xk−1, xk) ∈ R ∀k ∈ {1, . . . , K}] ⇒ (xK , x0) ∉ P(R).
Transitivity implies consistency, but not vice versa.
The composition of two binary relations R and R′ on X is defined by
R ◦ R′ = {(x, z) ∈ X × X : (x, y) ∈ R and (y, z) ∈ R′ for some y ∈ X}.
Define a sequence of binary relations {R(τ )}∞τ=0 by
R0 = R and R(τ ) = R(τ−1) ◦ R for τ ∈ N.





Note that Rt is the smallest transitive binary relation containing R. Moreover, for any two binary relations R, T on X , if R ⊆ T ,
then Rt ⊆ T t .
Recently, the concept of consistent closurewas proposed by Bossert et al. [5]. For any binary relation, the consistent closure
of R, denoted as Rs, is defined as follows:
Rs = R ∪ {(x, y) ∈ X × X : (y, x) ∈ R and (x, y) ∈ Rt}.
Bossert et al. [5] showed that for any binary relation R on X, Rs is the smallest consistent binary relation containing R. By
definition, R ⊆ Rs for any binary relation R on X .
The complement of R, denoted by R−, is defined by
R− = X × X − R.
For simplicity of notation, we write Rs−, R−s, Rs−s, etc., instead of (Rs)−, (R−)s, ((Rs)−)s, etc.
We now provide an example.
Example 1. Assume that X = {x, y, z}, R = {(x, y), (y, z)}, and Q = {(x, y), (y, z), (x, z), (z, x)}. R is consistent but not
transitive, and Q and Q ∪ ∆ are not consistent (thus are not transitive). Thus, Rs = R and Rt = R ∪ {(x, z)}, while Q s ≠ Q t
and (Q ∪∆)s = (Q ∪∆)t .
3. Results
We now state our theorem.
2 The original theorem of Szpilrajn [21] states that every partial order has a linear extension. The ‘‘quasi-ordering’’ version is stated by Arrow [2] without
proof. Its formal proof was provided by Hansson [15]. Dushnik andMiller [11], Donaldson andWeymark [10], Bossert [4], Bosi and Herden [3], and Cato [8]
proved related results.
3 See also Suzumura [20].
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Theorem 1. For any binary relation R ⊆ X × X, Rs−s−s = Rs−s−. Therefore, at most 10 binary relations can be generated from
R by taking complements and consistent closures, namely, R, Rs, R−, Rs−, R−s, Rs−s, R−s−, Rs−s−, R−s−s, R−s−s−.
It is worth noting that in general, analogous results do not hold for closure operators: for example, the complement of
the reflexive closure of the complement of the reflexive closure is not reflexive.
To prove Theorem 1, we establish two lemmas.
Lemma 1. R−s− ⊆ R.
Proof. For R, T ⊆ X × X , if R ⊆ T , then T− ⊆ R−. Since R− ⊆ R−s, it follows that R−s− ⊆ R. 
Lemma 2. For τ ∈ N, if (x, y) ∈ (Rs)(τ ) ◦ Rs−s−, then (y, x) ∉ P(Rs−s−).
Proof. On the contrary, suppose that there exists τ ∈ N such that (x, y) ∈ (Rs)(τ ) ◦ Rs−s− and (y, x) ∈ P(Rs−s−). Lemma 1
implies that Rs−s− ⊆ Rs, so (x, y) ∈ (Rs)(τ ) ◦ Rs. Since Rs is consistent,
(x, y) ∈ (Rs)(τ ) ◦ Rs ⇒ (y, x) ∉ P(Rs).
Note that (y, x) ∈ P(Rs−s−) if and only if
(y, x) ∈ Rs−s− (1)
and
(x, y) ∈ Rs−s. (2)
Since Rs−s− ⊆ Rs by Lemma 1, (1) implies that
(y, x) ∈ Rs. (3)
Since (y, x) ∉ P(Rs) and (y, x) ∈ Rs, we have (x, y) ∈ Rs. Thus, it follows that
(x, y) ∉ Rs−. (4)
From (2) and (4), we obtain (x, y) ∈ Rs−s − Rs−. By definition of consistent closure, (x, y) ∈ tc(Rs−) and (y, x) ∈ Rs−.
Hence, (y, x) ∉ Rs, which contradicts (3). 
Proof of Theorem 1. The second part immediately follows from the first part; thus, we need only prove the first part. Take
any τ ∈ N \ {1}. Suppose that (x, y) ∈ (Rs−s−)(τ ). Since Rs−s− ⊆ Rs by Lemma 1, (x, y) ∈ (Rs)(τ−1) ◦ Rs−s−. Hence, Lemma 2
implies that (y, x) ∉ P(Rs−s−). 
The readermaywonderwhether Rs−s− = Rt−t− for any R. The following example demonstrates that Rs−s− is not identical
with Rt−t− in general.
Example 2. Assume that X = {x, y, z} and R = {(x, y), (y, z)}. In this case,
Rs = R, Rt = R ∪ {(x, z)}
Rs− = {(y, x), (z, y), (x, z), (z, x)} ∪∆, Rt− = {(y, x), (z, y), (z, x)} ∪∆
Rs−s = X × X, Rt−t = Rt−
Rs−s− = ∅, Rt−t− = Rt .
There are few papers that study consistent closure. Our result indicates that consistent closure might provide a fruitful
field in the analysis of operators on binary relations. It remains for future research to examine the complete picture of binary
relations when other operators, such as the asymmetric part, the dual, and the symmetric part, are added.
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